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1. Introduction 

1.1. Main result. We work over the complex number field C. Let X 
be a projective and irregular variety over C, i.e., ^(Ox) > 0. We say 
that X is of maximal Albanese dimension, if the image of X under its 
Albanese map has the same dimension as X itself. 

A typical example of a variety of maximal Albanese dimension which 
is also of general type can be constructed as follows: fix an Abelian 
variety A of dimension n and a very ample line bundle H on A. Let X 
be the double cover of A branched along a smooth divisor L such that 
L ~i; n 2H. It is easy to see that X is of maximal Albanese dimension 
and X is of general type since Kx is ample. Moreover, from the double 
cover formula, we have 

K x = 2H n . 
By the Hirzebruch-Riemann-Roch formula, 

Tin 

X(K X ) = (-l) n x(O x ) = X{H) = -r. 

n\ 
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Therefore, we have 

K\ = 2n\ X {K x ). 

In this paper, we prove the following theorem, which shows that 
2n\x{Kx) turns out to be the optimal lower bound of K x . 

Theorem 1.1. Let X be a projective, normal, minimal and Goren- 
stein n- dimensional variety of general type. Suppose X is of maximal 
Albanese dimension. Then 

K x > 2n\ X (K x ). 

This theorem was known previously for small n. For example, when 
n = 1, the result just says that degi^x = 2g(X) — 2 for a smooth 
curve X of positive genus. When n = 2, the theorem, known as Sev- 
eri inequality for surfaces, is proved by Pardini in [Pa] using the slope 
inequality in [CH, Xi] and a clever covering (Albanese lifting) method. 
Pardini's theorem is reproved in [YZ2] using the relative Noether in- 
equality for fibered surfaces. Moreover, it is proved in [YZ2] that the 
theorem also holds in positive characteristic. 

We point out that Theorem 1.1 is also independently proved by Barja 
[Ba] during the preparation of this paper. His proof also relies on Par- 
dini's method. The difference between our approaches is that, he uses a 
suitable version of Xiao's method [Xi] on the Harder-Narasimhan filtra- 
tion and continuous linear series developed by Mendes Lopes, Pardini 
and Pirola [MPP], while we use the relative Noether inequality which 
can be viewed as a generalization of [YZ2] in the surface case. 

Also, it should be pointed out that using the relative Noether in- 
equality, we can get an upper bound of h°(L) for arbitrary nef L, 
not only the continuous rank of L (see [Ba]). In particular, using the 
relative Noether inequality for fibered surfaces, we can get the slope 
inequality of Cornalba-Harris-Xiao in arbitrary characteristic [YZ2], 
although it only involves some basic theories on linear series. Further- 
more, one should note that the relative Noether formula here still holds 
in positive characteristic. In an ongoing paper joint with Yuan, we also 
consider the arithmetic version of this inequality in Arakelov geometry. 

1.2. Idea of the proof. As pointed before, the idea is similar to [YZ2]. 
We first prove the relative Noether inequality for fibered n-folds by in- 
duction on the dimension (see Proposition 3.1). As a result, we obtain 
a Hilbert-Samuel type result as Corollary 3.2. Finally, applying Corol- 
lary 3.2 to the d-th Albanese lifting of (a smooth model of) X, we can 
get Theorem 1.1 by taking the limit. 

However, when we take the limit, the intermediate cohomologies are 
involved. Therefore, we also need to control the asymptotic behavior 
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of such cohomologies. Fortunately, it can be implied by the generic 
vanishing theorem [GL] (see Theorem 4.1), with which we can finish 
the whole proof. 

Acknowledgement. The author would like to thank Xi Chen for a 
lot of helpful discussions. Part of the idea in this paper comes from the 
joint papers of the author with Xinyi Yuan on Arakelov geometry and 
algebraic geometry [YZ1, YZ2]. The author is very grateful to Xinyi 
Yuan for his inspiring communications. 

2. Preliminaries 

We first assume X to be a smooth projective variety of dimension 
n. Let / : X — > Y be a fibration from X to a smooth projective 
curve Y with smooth general fiber F. The above notations will be 
used throughout Section 2 and 3. 

2.1. The reduction process. For any nef line bundle L on X, we can 
find an integer > such that 

• L — e^F is not nef; 

• L — eF is nef for any integer e < . 

We have the following lemma. 

Lemma 2.1. Let L be a nef line bundle on X such that h°(L — eLF) > 
0. Then the base locus of the linear system \L — e^F\ has horizontal 
'part. 

Proof. By the definition of ex, L — e^F is not nef. Then there exists 
an irreducible and reduced curve C on X such that 

(L - e L F)C < 0. 

Hence C is contained in the base locus of \L — eiF\. It suffices to prove 
that C is horizontal. Since L is nef, LC > 0. It gives FC > 0, which 
implies that C can not be vertical. □ 

Lemma 2.2. Let L be a line bundle on X such that \L\ is base point free 
and that h°(L — e^F) > 0. Then we have the following decomposition: 

n*(L-e L F) = L 1 + Z 1 . 

Here n : X± — > X is a composition of blow-ups of X such that the 
proper transformation of \L — clF\ is base point free. L\ and Z\ are 
line bundles on X\. Moreover, we have 

(1) \Li\ is base point free; 

(2) Z 1 > 0; 

(3) h°(Li) < h°(L). 
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Proof. Let L\ be the proper transformation of \L — eiF\ on X\. It is 
automatically base point free. Now Zj is the fixed part of |7r*(L — eiF)\. 
So it is effective. Furthermore, since \L\ is base point free and > 0, 
it follows that 

h°(L) > h°(L-e L F) = fr°(Li). 

□ 

We have the following general theorem. 

Theorem 2.3. With the above notations. Let L be a nef line bundle 
on X . Then we have the following quadruples 

{(Xi,Li,Zi,ai), i = 0, 1, • ■ ■ ,N} 

with the following properties: 

(1) (X ,L ,Zo,a ) = (X,L,0,e L ). 

(2) For any i — 0, • • • , N — 1, 7Tj : X i+ i — > X, is a composition of 
blow-ups of Xi such that the proper transformation of |Lj — ajFj| 
is base point free. Here Fq = F , Fi + \ = ir*Fi and a, = e^ i . 
Moreover, we have the decomposition 

7r*(Lj — a,Fj) = L i+1 + Z i+1 

such that \Li + i\ is base point free and Zi + \ > 0. 

(3) We have h°(L ) > h Q (Li) > ■ ■ ■> h°(L N ) > h°(L N - a N F N ) = 
0. Here a N = c Ln . 

Proof. The quadruple (X i+ i, L i+ i, Z i+ i, a,+i) is obtained by applying 
Theorem 2.2 to (Xi, Li, Zi, a,). The whole process terminates because 
h°(Li) decreases strictly as % goes larger and they are non- negative. □ 

2.2. Numerical inequalities. Resume the notations in Theorem 2.3. 
Denote 

L'i = Li — aiFi 

for i — 0, ■ • ■ , N. Note that we have Li\p i = L' i \p i following from the 
construction. Denote 

r i = h°(L i \ F J, di=(Li\ F% ) n - 1 . 

From our construction, we know that L\ + Fi is nef for each i = 
0, ■ • • ,N. Therefore, we have 

Lemma 2.4. With the above notations, for any i = 0, ■ • • ,N, 

L? + ndi = (L^ + F t ) n > 0. 

Proposition 2.5. For any j = 0, 1, • • • ,N, we have the following nu- 
merical inequalities: 
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(1) h\L Q )<h\L' 3 ) + Y. a ^ 

i=0 

3 

(2) Lq > n(a — l)d + n 



i=i 



Proof. We have the following exact sequence: 

— > H°(L i+1 — F i+ i) — > H°(L i+ i) — > H°(L i+1 \ F . +1 ). 
Then it follows that 

h°(L i+1 - F i+1 ) < h°(L l+1 ) - h°(L i+1 \ Fi+1 ) = h°(L i+1 ) - r i+1 . 
So by induction, we have 

h°(L' i+1 ) = h°(L i+1 -a i+ iF i+1 ) < h°(L i+1 )-a i+1 r i+1 = h (L^)-a i+1 ri +1 . 
Furthermore, 

/i°(L )</i (^) + aoro. 
Hence (1) is proved by summing over % = 0, • • • , j — 1. 

To prove (2), note that both L\ + Fi and L' i+l + Fi+i are nef, and 
is effective. We get 

n-l 

lT-l? +1 = «l; - L' i+X ) 5]«^) B " 1 " p ^!+i 

n-l 

= (a m F m + Z i+1 ) ^(tt*^)"- 1 -^^! 

n-l 
p=0 



> 



n-l 

- E(P( 7r *^) n_1 " PL ti 1 + (" - P - lWLT- 2 - p L'? +1 ))F l+l Z, l+l 

p=0 

n-2 

na l+l d l+l -n^*LT^ p LT +1 F +1 Z t+1 

p=0 

n-2 

na i+1 d i+1 - n«Lj - J>*L^- 2 - p Lf +1 
na i+1 di + i - n(di - d i+ \) 
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Summing over i = 0, 1, • • • ,j — 1, we have 

j 

L'q >L'™ + n^2 a i d i ~ n ( d o ~ d j)- 

i=l 

Since 

Then (2) follows by applying Lemma 2.4. □ 

We also have the following lemma. 
Lemma 2.6. With the above notations, we have 

N 

Lq > d (na + ^2 a-i- n). 

i=l 

Proof. For i = 0, • • ■ , N — 1, denote by 

Ti = 7Ti O ■ • • O 7TAr_i : X N — > Xi 

the composition of blow-ups and denote = v^x N '■ X N — > X N . 

Write b = a t + \- a N and Z = r{Z x + V r^Z N . We have the 

following numerical equivalence on X^: 

T 0-^0 ~num L' N + bFw + Z. 

Since L' + F and L' N + F N are both nef, it follows that 
(L' + F ) n = {r;L' + F N ) n -\V N + F N + bF N + Z) 

> (t*L' + F N ) n ^(L' N + F N ) + b(r*L' + F N ) n ^F N 

> bdn. 



Combining with 

L%-{L' + F ) n = n(a -l)d , 
the proof is finished. □ 

We end up this section with a remark that when X is a fibered 
surface, or even X is an arithmetic surface, all the above results have 
been studied in [YZ1, YZ2]. 

3. Relative Noether inequality 

In this section, we will prove the relative Noether type inequality. 
We say a divisor Dona variety X of dimension n is pseudo- effective, 
if for any nef line bundles A\, ■ • • , A n _i on X, we have 

A 1 ---A n ^D > 0. 
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Proposition 3.1. Let f : X — » Y be a fibration from X to a smooth 
curve Y with the general smooth fiber F of general type. Suppose that 
L is a nef line bundle on X . Fix a line bundle B on F such that 

• 5i = (LIf)™-'- 1 ^ > for any i > 0, 

• \B\ is base point free on F, 

• kB — L\p is pseudo-effective on F for certain integer k > 0, 

• L\ F < Kp. 

Then one has 

Here c n > 1 is a constant depending only on the number n. 

We point out that such k always exists, because B is big on F. 

Proof. Our proof here is by induction. When n = 2, since So, Si > 0, 
the result just says h°(L) can be bounded in terms of L 2 . In fact, if 
5 > 2, from the relative Noether inequality in [YZ2], we have 

USq = 1, then we can use the above inequality to bound h°(2L), which 
is enough to give a bound of h°(L). 

Now we assume that the result holds for fibered varieties of dimension 
< n- 1 (n > 3). 

Resume the notations in Theorem 2.3. By Proposition 2.5, one has 

N 

h°(L ) < h°(L' N ) + J2^ 

i=0 

N 

Lq > n(a - l)d + n ajdj. 

8=1 

Here do = Sq. In the following, we will use induction to compare and 
di. 

For any % = 1, • • • ,N, write 

Pi = tto ° • • • ° TTi-i : Xi -> X 

and p — idx : ~ > X . Denote B = B and B, L = p*B. 

Case I. If di > 0, choose two general members Bi^B 2> i € \Bi\. Let 
a : Fi — )• Fi be the blow-up along their intersection. We get a fibration 
fi'Fi—t P 1 . Denote the general fiber of /, by 5j. Since Lj]^ is big on 
Fi and Lj < p*L , we can easily check the following facts: 
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• For each j — 1 , • • • , n — 1 , we have 

• \a*Bi\-s~\ is base point free: 

• a*(kBi — is pseudo-effective; 

• Since Li\ Fi < p*L\ Fi < p*Kp < K Fi , by adjunction formula, 
one has 

(T*Li\ Wi < K w ,. 
By induction and using the fact that 



we have 

- n—l 
Ti < —, r-Ai + 2c n _i >^ W~ X Sa. 

1 ~ 2(n- 1)! ^ J 

Case II. If cZj = 0, it implies that L^p. is not big. Therefore 

r i = h°({L i \ Fi )\ B .)<h°(L \ B ). 

Note that Lq\b is nef and big on B, (LoIb)™ -2 = 8±. So if n — 2 > 2, we 
can use the blow-up trick as in Case I and get the following inequality 
by induction: 

j n— 1 

r ^2(^yy 5l + 2c "- 2 ^^- 

V > j=2 

The only problem is when n = 3. However, in this case, the above 
inequality is nothing but Clifford's inequality. 

As a result of the above two case, we are safe to use the following 
inequality: 

j n— 1 

\ n )• j= i 
Using the above comparison and Lemma 2.6, it follows that 

n-1 N 



j=l i=0 \ 

n_1 / ' L n \ 
< 2(c n . 1 + c n . 2 )J2 kJ ~ 1 ^[^ + 1 ) 



2(n - 1)! 



i=i 

Hence our result is proved by letting c n = 2(c n _i + c n _ 2 ). □ 
As a corollary, we have the following Hilbert-Samuel type result. 
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Corollary 3.2. Let X be an n- dimensional smooth projective variety 
of general type and L be a nef line bundle on X . Fix a line bundle B 
on X such that 

• L < K x j 

• Si = L n ~ l B % > for any 1 < i < n — 1; 

• \B\ is base point free on X and 5 n = B n > 0; 

• kB — L is pseudo- effective on X for certain integer k > 0. 
Then one has 

h°(L)-^L n <C n J2^% 

Here C n is a constant depending only on the number n. 

Proof. The idea is very similar to the proof of Proposition 3.1. In fact, 
in the previous proof, we have shown how to prove this result in lower 
dimensional case. Here we only need to apply the blow-up trick once 
more. 

Suppose L n > 0. Then L is big. Hence 8i > for % > 1. Therefore, 
using the above blow-up trick on X, and the conclusion follows. 

If L n = 0, i.e., L is not big. Since B is big, we have h°(L) = h°(L\ B ). 
By induction, we can find a positive integer i < n such that 

h°(L) = h°(L\ BH) ). 

Otherwise h°(L) < 1. But here we can apply the blow-up trick on B l ° 
to get the conclusion. □ 

At the end, we would like to mention that the same induction method 
can be applied to prove the relative Noether inequality in positive 
characteristic, because the relative Noether inequality (resp. Clifford's 
inequality) still holds for Gorenstein fibered surfaces (resp. curves) 
[Li2, YZ2]. 

4. Asymptotic behavior of cohomological dimensions 

Let X be a projective and irregular variety. Let A be the Albanese 
variety of X of dimension m = ^(Ox) > 0, and a(X) be its Albanese 
image. Let fid '■ A — > A be the multiplicative map by d. We have the 
following diagram: 



X d ^X 



a=Alb> 



A^A 



Here X d = X x^ d A is the fiber product. We call X d the d-th Albanese 
lifting of X. 
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In this section, we will prove 

Theorem 4.1. Let X be a projective, smooth and irregular variety 
and a(X) be its Albanese image. For each d £ N, let Xd be the d-th 
Albanese lifting of X . Then for each i = 0, • • • , dima(A) — I, we have 

ti{o Xd ) 



lim \ AdJ = 
d^oo d 2m 



Here m = h l {0 



x, 



Before the proof, we recall the statement of the generic vanishing 
theorem first, which is due to Green and Lazarsfeld [GL]. 

Let X be a projective, smooth and irregular variety over C. Let 

S\X) = {Le Pic°(A) : h\L) > 0}, z = 0, • ■ • , dim A, 

and a(X) be the Albanese image of X. By the semi-continuity theorem, 
we know that S l (X) is closed for each i. 
We have the following remarkable theorem: 

Theorem 4.2 (Green-Lazarsfeld). For any i = 0, • • • , dimX , we have 

codim{^(X),Pic (X)} > dima(X) -%. 

With the above theorem, we can prove Theorem 4.1. 

Proof of Theorem 4-1- Recall our construction of the d-th Albanese lift- 
ing. The map 4>d '■ Xd — > X is a finite abelian cover. Moreover, 

Gal(AVX) = Gal(/i d ) = (Z/dZ) 2m . 

Thus we have 

Ler d 

where = (Z/<iZ) 2m is the subgroup of Pic°(X) consisting of all the 
ci-torsion line bundles on X. 

For each % = 0, • • • , dim a(X)—l, it follows from the generic vanishing 
theorem that h\L) = for each L £ Pic (A) \ S i (X). Also from the 
semi- continuity theorem, we can find an M, > such that 



Mi = max h\L). 

LePic°(X) 



Then we have 



h\o Xd ) = ti{{<j> d )*o Xi ) = hl ( L ) < 

LeT n 



SEVERI INEQUALITY FOR VARIETIES OF MAXIMAL ALBANESE DIMENSION 



where l d = #(T d n S l (X)). Because S l (X) has positive co dimension, 
one has 



Hence 



5. Proof of Theorem 1.1 



□ 



In this section, we give the proof of Theorem 1.1 using Corollary 
3.2 and Theorem 4.1 by constructing the Albanese lifting of X. This 
construction has been used by Pardini [Pa] in the proof of the surface 
case. 

Let X be as in Theorem 1.1. Let e : X' — > X be the resolution of 
singularities of X. Since X is minimal, X has only terminal singulari- 
ties [KMM]. It is known that terminal singularities are rational, so we 
have 

X (Ox) = x(Ox>), h°(K x ) = h°(K x ,). 
Furthermore, since X is of maximal Albanese dimension, so is X' . 

Denote Albx' : X' — > A to be the Albanese map of X', where A = 
Alb(A') is the Albanese variety of X' whose dimension is m = h l (O x ). 

Let if be a very ample line bundle on A, and L be the pull-back of 
a very general member of \H\ on X' by Albx'- Set 

6 t = (e*K x ) n - l D 

for % = 0, • • • , n. Since L is big, we are able to find a positive integer k 
such that h°(kL - K x >) > 0. 

Let Xd (resp. X' d ) be the c?-th Albanese lifting of A (resp. X'). It 
follows that Xd is still normal, minimal and Gorenstein. So we have 



X (O k ) = X (0 Xd ) = d 2m X (O x ), h°(K Xd ) = h\K x , 



'■d' ^ K "■' 11 v "■' v ^d' 

Write Ed '■ X' d — > Xd to be the resolution of singularities of X d . Recall 
the diagram 



X' d ^X> 



A^+A 



We have the following numerically equivalence on A [BL]: 

lAiH ~num d 2 H, 
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which yields 

<j>*d,L ~num d 2 L d . 

Here L d = ot* d H. It follows that for any % — 0, • ■ • , n, 

{e d K Xd ) n - l L d = me*K x )) n -*L d = d 2m ~ 2 %. 

Furthermore, from the above numerical equivalence, we know that 

d 2 kL d - K x > d ~ num <fi* d (kL- K x >) 

is pseudo-effective. Since X is minimal and e* d K Xd < K x > , it implies 
that d 2 kL d — £ d K Xd is pseudo-effective. 

Now, apply Corollary 3.2 to s* d K Xd and it follows that 

1 n 
h°(K x .) < —K Xd + C n Y^{d 2 ky-\e d K Xd Y-iL d 

72m n 

~ 2n\ x ^ 3 

3=1 

On the other hand, 

h°(K x .) = X {K x , d ) -Ysi-^Y-WiO 



I i \ n—i ui l rr\ 

j=0 



n-1 
j=0 

So the proof of Theorem 1.1 is completed by letting d — > oo and ap- 
plying Theorem 4.1. 
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